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Robust Characterizations of Polynomials with

LOW_Deg ree TeStIng Applicalious to Prograin Tvsliug*g
) v onitt Rubinfeld "Madhu Sudan ! &
Recall +he qoal of LineARITY TESTING: e -
A test Viw st VP F">F f:f
- completeness: fe LIN[Fn] — Pl'[V,,iI,:Fl] = | 1)
- soundness: AL, LINIF nl)2 8 = B[Vf=1]<&C§) Ve

The goal of Low-DeGree TesTinG is:

A “'QS"" VLD S."‘. V.‘?ﬁ:néﬂz 'F:":b"ﬂ:
- completeness: e LD[Fnd) — BIvE=1]=1 )
. soundness: A(f, Lo[Fn,d))z6 » B[VvE=1]<&(s) \/ b on

Whol does degree d mean?
+ Totol degree: LDLF,n tot¢d] (eq. in this case LD[F,n tet<i] = AFFive [F,n])
+ individugl degree : LD[F n, ind¢d] (e.q. in +his case D[R, n ind<i] = mufilinear polynomials )

ExERCISE: derive a test for individval degree from o test for total degree,

T most applications +he difference total-vs-individual does not matter mych.



The Case of Low Total Degree

_rbday we Study low-degree testing for the case of ToTAL degree

Individval degree is <|fF|
/-since. YieIn) = x .

LD[F, n, tot<d ] ={ [.F—>F [ I pe F[X,., %] of ToTaL degree <d st p={ }
This set of fonctions is Known as the Reed—Muller code (RM code).

The RM code is a linear (error - correcting) code:

LOLF, n,fot< d]) is an F-linear subspace of " (¥(qe LDIEntored] YupeF, afeBge LDIE n fotcd])

Typically F is large. enoush
for soundness’ reasons:

The code's Pommd‘ers depend on the tegime. In this course we consider d<|Fl:

* message length = ("c]'d ) Size of the set {(dy.,dne Lo, IFI-Y | Zi disd },
* block IengH\ = |F)". Size of a function §:F"=F,
* telative distance 2 | _I_d—l , By the. Polynomial Ideu‘l‘i"‘y Lemma (Vpio'g_rF“[P(o():O]s dz_ﬁ‘*;#) .

The other regime is dz IF (e.g. RM code over T,).
In anQl'a| (Ql’\)’ d)'. ® messoge lv.ng‘l'h < Min{ |ﬂn, (n;d)}. (Can give better bounds depending on IFl,nd.)
o relotive distance 2 [Fl=da  where dg(IFI-1)+dg=d for de<IFl-l .

Iﬂdgﬂ
\imPlies bound for d<IFl



The Rich Structure of the RM Code

The RM code LDLF,n totsd] has a rich structure:
any Iow-dcsree. (Q.g. linear) restriction of the domain " yie\ds & qood Subcode;

there are many such testrictions, and typically intersect with one another.

[ P-F

A i L:F-F of total degree 1,
: Hence # £(2)=(aqtza, bot2b, cot2¢))
' then ('F°£)(2)='F(Qo+24./bo+2b|/ Cot2C;) |
|
l A is. prF=2F of total degree 1.
: Hence i p(y,2)=(astd.y+a.2, betbythi2 CorCy+ci2)
I then (Fop)(y,2)=f(actay+asz, botbysbsz, Corcytci2).
|
,u'_ _____________ . A K-variate n. B2 is. g: F5fF,
/// Hence if q(2,.,2)= (g.(z|,..,zk), gz(z‘,..,zk),ga(a.,..,z.‘))
K g then (1c°ﬁ)(2.,...,zk) = f(q, (2,.,20), (2., 24), gg(z‘,,vz,‘)),
[A is a ‘|-variate manifold.]

We will see how this rich structure enables proximity testing.
Next: © low-degree testing for LD[F, n=1,d7 (univariate polynomials)
@ extend to LD[F n71 tit<d] (multivariate polynomials)



Univariate Polynomials: a Trivial Test
NN/

Fact: any d+1 locations Qu,Q,..,04€f determine a polynomial % ]

A natural idea is fo interpolote and fest at a random point:

> F
\/)C (ﬂ:,d):z R Sample reF

2. QUQI’Y -‘: QJ(' O\o/Q\,...,Qd/ F
3. Let P(x) be the interpolation of {(Qi,f(“i))}i_o
4. Check that B(r)=$(r)

query complexify:
d+2=0(d)
[ 8 non-adaptive ]

Completeness: i {=p for a polynomial plx) of degree <d
then P=p and so YreF p(k) =plr)=£(r)

Sovndness: B,[ \/{-.—.\] = %[ ’l;(\’): {:(l’)] < | —-A(-F , LD[IF,n-—-l,d])

The query complexity O(d) can be much less than |F| ( reading oll of £).
Exercise: prove that o query complexity of ul(d) is necessary.

PRoBLEM: Hhe straightforward extension of this idea to n»1 yields large query complexity



Trivial Test for Multivariate Polynomials

The /'in'l'e\—polafe-m\d—fes’r\‘ idea is an example of a TriviaL TesT.

We describe a trivial test for any property F={f:D-Z}

A fixing st SED for F is such that, ¥a:S-% [{feF | f(S)=all<].

IS

Ve . 1. Sample F <D, /qUQl')' complexity is IS|+1  Completeness: if fe F then
2. Guery fat S and r. Bv-=1=B[pn=fn]=1.
3. Let P be the unique function in F st p(S)=F(S) . Sovndness:
4. Check that F(r)=f(F). B [VE-1]= B[t =f(0] s 1-alF).
Examples of trivial tests: The bl e o 100ttt ] and 150 d] e T e
e IR cuenies who dos fhe ok et e frvil st s ogtimal for UL d] brek doun o o
F | Aw-2ero | Cowst| Lin(Fn)| LDLF,n=1,d] | LDLF,n,toted] | LDLF,n,inded]
sl | o | n dr (") (dn)"
The BLR tfest for LiN(F,n) has 3 clueries, much better than +he (n+|)-qvery trivial fest,

The (d+z)-query trivial test for LD[[F,n=|,d] is optimal ,
The trivial tests for LD[ﬂ:,n,i'oRd] and LD[FF,n,indgd] have large query complexity,
Today we see a total |ow-degree test that is much better than the frivial test.



Univariate Polynomials: a Different Attempt

We tocvs on a special case: = for prime o3 dia.
The fest is inspired by o different local characterization of low-degree polynomials:

. ' i+ A+ O+ - Q2 a+

def: For J=0,1,..d+1, C. = (-I) ( i )e Fp . O on odr o3 G4
d+i ,
lemmo: ¥ {: o= deqt)sd < Yaefp >, Gi-fla+i)=o
h . . . : . : The derivative of f(x).is
The proof is by induction , vsing formal derivatives. e 080 g 1
X+1) = X :

Ex QOl' d=o: (CO/C|)=(—|/|)—> —£(0)+‘F(Q+I)=O. If deg)70 then deg(d')= deg()-I

=10 (CoG.G)= (-1 2 - _ - co te Llrr-{@) flra)—{(an -
Ex for d=1 (Co,6,G)=(-1,2,-1) = - f(a)+2f(an)~Flar2) = 0, I, o ~ =0

New proPoSal: V]C:'FP-)FF(H:F,d):z . Samplt l’é—ﬂ:r
2. Query T at r,rH, . r+(d+)

3. CheeK that 23 ¢ f(rei)=0

ProjieM: 11 does not work. [Not oll local ~characterizoions do! ]
Consider {=[P P which has distance »>%-2 to LD[Fn=1,d].

/

This test reyects with probobility only (%m).




A Refined Local Characterization
QF_" For i=0,|,...,d+|, G = (—I)i+|(di+|) = “:F .

lemma: ¥ [:Fo=Fp  deq(f)sd < Yaefp 2, G-f(ati)l=o0

corollary: ¥ [:fp~fF deg(f)<d < Yabefp 2, Ci-f(at+ib) =0

roof:
For the direction "
For the direction “—"  fix a,befp and consider q(x):=f (a+xb).

The degree of g is at most d. Hence, by the lemma,

set b=1 ond invoke the lemma.

Veel 0= Zi‘_’__*; Ci+q(eti) =Z{‘:o' ¢i-f(a+(eti)b) = Z:_: Ci- £ ((oteb)+i-b) .

Set e=0, and we gef the condition {or a,b. w
The local constraints increased from [Fpl=p to [l p.

/. \\
The choice of b randomizes the Step Size.  and  Seems Yo rle ovt Hwe counter example.



Univariate Polynomials: the Rubinfeld—Sudan Test

Check one of the IF|*=p* local constraints of random .
pl =P

dine) 7
\/kf F P(H%,d)‘ | Sa\mp\e b S« ﬂ:l’ query complex’\‘ry:
1. Query { ot r rts,. r+(d+)-s d+2=0(d)
3. Cheek that Z'.T; C\--&:(l"\‘i'&)z 0 (£ non—adapfive)

ComPle‘l'enessz if deq(f)<d then fr[Vpg“]:' by corollary

Soundness: theorem: B{Vé:o] 2 Min {._n,(-;—,.)/ '—Z.A({:, LD[ﬂ",n-.:u,d])}

Equivalently : P Vit =1] € max{ 1-0(), 1- 3-A(F, LOLF n=1,d] ) }

Tsn't +his test worse
* lose a I}aq’ror of 2 In distance (previously/ Pr [VF-‘-O]ZA(-F/LD[IF,n=|,d]))

 high-agreement regime: even it [ is 35-far, we get error only <1-0(<:),
so we need to repeat the test O(d") times for constant error — O(d) queries

RBuT: RS test extends to multivariate Polynomia\s with no charxges



bR

Proof overview Vis = |. Somple rsefR
F 2SS 2. quck thet Ziz G- ‘F(l"fi’S): o
Similar to the case of linearity testing. M ras res
+heorem: B—[Vk‘g =o] 2 Min { 4~(d|+1)" / % .AG, ﬂzlfd[x])}.

The plvmlH-y correction is

gQ; F- ﬂ: where ac(x):: (1\‘8 Max {Seﬂ; , V= Z:I__? Ci"F(X-l-i'S)}

VelFP

» Fart I: B‘[Vg{:g’-'o] 2%°A(£ng) far from plurality cortection = many bad lines

e fart 2 J?n-[ VRF3=O] <4-(d_|+2)" - deﬂ(g{;)sd few bod lines - plumli+y correction Is low-degree

Conclusion:

- I—F Pr rVgﬁ‘; W 2 40(;1)7. +hen we are done.
- I Br :Vrf-s =°: < i (114-1)" then (by Port 2) 9t is low-degree and (by Part | ) we qd'
PrlVe=0] 2 1A, g > £ - A, blFnedl). |

10



d+i

Analysis of the RS Test - Part 1 ¢t =0 o fo- 2 eil(rvis

{geﬂ'-[', ‘ v= 2. ]C(x+|s)}|

The plurality correction of I s 9 (X) := arg mox

veﬂ}

! g is far from £ then \/R‘cS rejects with kiah probability:
claim: _]2,_[\/“—0] /— 1(3;)
proof: Deline Sz={ - [)c(") # Z:hul G F(H'S)]z"i }

FOl’ €V€.\")’ 1 S/ .gr [ ‘F(\’) = Zf: Ce {(l"\'ig)]?_é (more than half of s's vote for f(r))
SO F(l’) = 3{(|’).

Hence (6, g¢) ¢ EL (v i £ 4000 then re ),

So Pr[VR{::o] = Er[l’eg]ﬁ;\;[\/g-_ol I'GS]-I-fr[l’%S]-%[\/iwlrg’&]

S
N : |
F\ l[nem {f\—[.\f(l—);ﬁZ Ci -F(I’HS)J}'I‘ O
180 .1
2 Hﬂ 7 A(‘F,a{:) 5 - .

11



few bad lines imply

Analysis of the RS Test - Collision Lemma rony otes for

the plurality correction

c\aim: Vl'e\:F\;, fs\—[ %(l’): Z:Tl C;-{:(i”riS)] 2 |=-2 (d‘l'l)’Pl’ [\/,ffoj J
P_fgz{_? Egr [ gx(r)= Zf‘:: Ca~¥(|'+i-s)] = \rlréaé lsir[v: Z.d._.f' ci~¥(r+i-s)]

d+ 2
ot e nalpy 2 7 g B V=Tl afleeis) |

velp s

= B[ T flreis) = S0 e flreit)]

> |- 2:0+)-Br[ V& =0].
We now analyze the CoLLision PrRORABILITY.

FOI’ every S,téﬂ'—' IQ {Vié{\,..., d-l'l} 'y'(r-l- i§)=ZJ}T'C3-Q((r+iS)+3t) } s
Vielt,..,du} f(rejt) = i ci-d((rejt)tis)

d+l d+

'H\QY\ Z G- ‘Y‘(\"HS) = Z‘C:l Ci Z;:' C:" -F ((I"I"lS)‘*‘;‘t) = Z:ithJ .d“ C'""3 ((l’{-j{;){-]g) = % Cj‘ {:(l"l'j {'-') .
i=1 =

HiE

Hence 4 dn el and B(ris) # I L ((reis)+t)
: \e{l,.,d+ TR
E*[?:Ci'¥(r+is)*ZC-‘-HHib)]s Er[or ” HIS)# 2 G x{(rish+) ]
gp - = i=| S = Se{l,...,dﬂ} 'F(""'Jt) + Z?::C'\"g((l‘fjl:)-l-iS)
< 1(d+|)-fr[V,f;=o] , m

12



Analysis of the RS Test - Part 2

\aim: if E\»[\/kf-o]< 27 than deg(gQ)sd

4-(d+2)
M_ Fix rsef. We show thot Z,d? Ci- QQ(H-\S) 0.

I It tek st {\he{ou a1} (3‘%3:"3) rn G- $((rais)+) (b +it))
¥iefl, d+|} 2 oGt ¥(r+3t)+|(s+3tz)) o
then

d+

g_o Ci- qp(rtis) = Zii:' G [Zj‘: G+ F((rris)+j (g +i tz))] < ZJ?CJ' [Zl‘: ci-£((rajt)+) (b Q))] - };f.:cy 0=0

reorder
summations

Hence .
‘ég:)?\g : d+ , : :
Br [Z.- G 3¥(l'+|s)¢0] [oa iefo,1, ..dn E\QE\”'S)*ZA G- $((rtis)+] (h"‘tz))}
b [ 3e{l,. ,d+|} TG F(Oreib) +i(sHik)) # 0
I o
< (d+2) (4 (den) 7w <1
Er [%g \'+|S)+-§C Flreishyltiritd) | < 2(d#)- B[ Vi =0] < 2.(dw)- < ——

olision (d+z) 2-(d+2) N

lemma



Extending the RS Test to Multivariate Polynomials

The local characterization holds Similarly:

Vd<p-2 V{»‘:ﬂ}n-*ﬂrpl deg, (f)¢d Va,beﬂzpn 2 izo

This directly motivates the following fest :

fR-F
Ves '

d+

(lFP/n,d):: . Sample I’,Sefﬁ,“ /

2. Query & at s, ..., re(d)s
3. Check +k0+ Zi‘g Ci.-g:(rfi,g):o

The +heorem ‘For soundness is also Similar:

theorem:

Er\:\/li: o] > min {4 (CII-I'L)Z 1. A({-/ LD[n:P,h,‘\'o+éd])}

/2

The proof is the same uvp to syntactic modifications.

By repeating the test O(d®) times, we gut:

G f(a+ib) =0

query complexﬁ'y 1s d+2=0(d)

P

4

-~

o total low-degree test with query complexity O(d’)  [independent of n ]

/4 . i \ V4
where “constant relative distance — “constant soundness error .

read d+2 locations
on ¢ tandom line

14



More on Total Low-Degree Testing [1/2]

A Key structure that enables |ow-de3l—ee ‘|'es+in3 is 0. RoBusT Lives CHARACTERIZATION.

Suppose that §:F">F has fotal degree <d.
Then , ¥abef ': the univariate function g (2):= f(a+2:b) has degree <d.

Does Hhe converse hold ?

CounTerRexAMPLE : Set Fi=Fe and fix any d with p'-p*'-1<d<p®

Consider the bivariote function {(x x2):= (Xu-'xz)P- .

i e-i
The fotal degree of f is p*»d. Yel ¥ab 3“(2)={:(0.+zb.,a1+2b1)= ((as+2b,) l(o~,_+2l>,_))P

h&s dQSl"QQ ot most (P-l) PQ-|= PQ" Pe_', (Indeed tecall that 2= 2 since pe is the field size.)

) =1
The_ converse hO'dS I{: d< Pe" Pe - (Eg. it £ has prime size p then the, condition is dg p-2 ) [ Fried! ,Sudan 1995)

for o proof.

In this case, if {Sa,b(i‘):{:(mzl:)}a bep” Ol have degree ¢d. then f has fotal degree <d.

Low—clegrea. 'l'es+in3 is based on distance variants of such resulfs:

if 1 30’5(2):{:(&»‘25)}&5&“ are close to degree «d in expectation
then f is close to total degree <d

15



Local Correction of Low-Degree Functions

9’.

[1/4]

D->2

Let F={32D-’Z} be o set of funcrions.

A local corrector for F with decoding error & is an algorithm A sk f:D-%

® Vﬂe): YoeD Er[f\g(a)=3(a)]= | .

| .~

@ VgeF ¥éelo] V§ with AEq)<d Yaed B[ A@+g@]cels), Al)
The local corrector tolerates o &% fraction of errors it €8 e [0,2) ¥de [o,d¥).
An error <L enobles error reduction via repefition and retorning the prality value.
Let A(F):= [min, A(f,9) be the minimum relative distance of F.
claim: 6*$ J—A(F) proof: Fix any & st )<y, Fix arbitrary geF. There cannct be g'eF with g'#q and Algg)<d

2 - ‘ becavse, Pickina aeD st g@#g(a), cannot hove fr[h(o)‘=9(a)]7j‘i and fr[A(0)3=3'(G)]7% . Hence A(F)>24,

Unique decoding rodivs
We saw o 2-query local corrector for Lin[Fn] with €(8)=2d  for which g _ % .
We discuss several local correctors for LDLF n, fot<d]:
* A, moKes d+ queries and has error £6)=(d#)-6, so §¥=—— We let q:=IFl here
/ 2(d+1) : :
. - 4 ond in next few slides,
A, makes q-i queries and has error £(§)= ‘q-.. , S0 & =Z'(|-°|_')

* A; mokes q-I queties and has error €(§)= O, 8(-1-) for d<t-(1- &), so §*=L.(1- -4).

16



Local Correction of Low-Degree Functions

Suppose that {:F"=IF is d-close to ge LDLF.n toted].

We wish to cortect the value at the point acfF",
IvEa: focus on the valves of f on the line Zab:={a+)b}beﬂ: for o random be F".

Recall that o polynomial of degree d Is determined by its evalvations ot any d+1 points,
Let  {X,. Mn} s FMO be a seb of size d4i.
We ottempt to recover f(a) from f(at+Ab) .. f(a+a, b).

Al@) = 1, Sample beF".
2. Query f ot {a+2ab}
3. Let p&) be Hhe interpolation of {(a+xbfrib)) I,
4. Output plo).

d+i
=1

daim: Yaef B[ Alfa)# g(e)]< (dn)d.
proof: for every ie[dn] ]Er”(aﬂib)#a(adib)]s d.
Hence  Pr[ p(0)#g(a)] = Be[Ticlan] fla+dib)#9lardib) 1 <de)s.

[2/4]

17



Local Correction of Low-Degree Functions [3/4]

( The special case q=d+2 )
We see a local corrector that mokes g-| queries and tolerates more errorS, s the previous local corrector.
Toea:  the valves along a. line have high redundancy

and it suffices to find o line with few enough etrors.

Ai(a) = I, Sample be F".
2. Query £ ot fordbly g
3. Let p() be the unique polynomial of degree d
st 1 {AeFvod: p(0)# flarab)} « 32
L. Abort if no pix) is found; else output plo).

< can efficiently find p(x) via
the. BerleKamp —Welch _ algorithm

C\Q\Y'\ VQQ ﬂ: E‘-[ A‘F(Q) ¢ %(Q ]( 26 More generally, con modify Ax to obtain p&) by querying f ot {otdbh o Tor any S<F\io} with IS|7 d4 |
N

|—— * In this case A, searches for p of degree d s, [{xes: p#f(at kb)’!k&‘ and ers wp < "6

9-! W
proof:  For every AcFMo} let 2, be the indicator for the event flotAb) # glo+Ab) |
ond note that E[2.)=Pr[Zy=1]<§. Define Z:= Z ST Z, ond note that 2] < ¢ (9-n¢,
If 2< q—;—d then pix)= 3(0+xb) <o p(0)=3(0) (correction Succeeds).
Hence fr[P(O)*3(Q)]$Er[Z 2 3-—'2——d ]< d B
T

1:Mcxrkovs inequality: For a random varioble Zzo and ¢30 Pr[Z22zc]g ' E[2]
18




Local Correction of Low-Degree Functions [4/4]

An additional improvement tolerates even more errors —close to the unique decoding radivs - |-—)
The idea is to correct on a random quadrafic curve , whose locations are pairwise independent.
Al(a) := |, Somple b,c eF".
2. Query f af {o+)\b+)\zc]klf\{o}.
3. Let p(x) be the unique polynomial of degree 2d
s [ ae Frio} s p(2) # fla+Abe)} < C%E .

4. Abort it no p(x) is found; else output plo).

& can QH:'\C'\enﬂy find P(x) vVia
the. BerleKamp —Welch . algorithm

C\Qi"\: VQG ﬂ:“ P‘-[ Ai(a) # %(0\)] ‘ (|4 (3d628)) Can similarly modify A, to obtain pix) by querying £ or {ashbeXe })es for any S<y{io} with [SI>d+,

roof:  For every AeFMo} let Z, be the indicator for the event fla+Abt A ) # gla+Ab+2c)
ond note 'H\Q'l' E[ZA] = P\’ [Z)‘;'] s 6 ond VQl' (ZX)zE[Z)]-E[ZA]z$ 6“61 (x-x2 is increasing on [0,1) .
Define Z:= Z lF\{o}ZA and note that F[Z2] ¢ (C{-l)é' and Vau'(z’-)tz Val'(l?,\)<(q-l)'(6-6z).

poirwise mdepende ce

If Z<q llzd then P(X)_3(0+xb+xc) o) p(o) =g(a) (correction Succeeds).

Hence  Pr[p(o)#q(a)] ¢ Br [2 7 =29 Y ¢ B [[2-£Dx]] > Eim2d - E[X] |

-1-2d (4. Vor (Z) 1)(6-6°) -g2
<Pl 12-E[x)] > 222 ~(9-1)8 [ Vor ¢ LE-67) o 1| 48
) [ | 2 ]T (E2d qs)" (=2d - gus)t 9 (|_£ 5 B
Chebyshev's inequality: for a random variable Z omdq o Pr[lz-Er21l>c] ¢ Lo Var(a), 19




A few words about low-degree testing

Low-degree testing for quantum states, Low-degroe tests at large distances
and a quantum entangled games PCP for QMA Alzx Sarsoroduiteky*

September 27, 2018

Anand Natarajan®*  Thomas Vidick'

Abstreact
We define teets of boalean fanctions which disiinguisk betavecn lincar (or quadrotic)
Abstract . . . te sense, fron tacse poly-
Testing Low-Degree Polynomials over GF(2) etmeen somndness and the
We show (hat given an c'x;.)licit description of 4 muluiplayer game, with a glagsical verifier and a semity porme bshave “ran
constant number of players, it is QM A-hard, under randomized reductions, to distinguish between the Ncga Aloa *  Tal: Kaufmen'!  Michsel Krivelevick ! Sircon Litsyn 8
cases when the plavers have a strategy using entang lement that succeeds with probability 1 in the game, Nzt Ron® if of an invesse thecrem for
or when no such strategy succeeds with probability Jarger than }. This proves the “games quantum PCP s GR
conjecture” of Fitzsimons and the second author (ITCS'15), albeit under randomized reductions. July 9, 2008

The core component in our reduction s a construction of a family of two-player games for testing

L

n-qubit maximally entangled states, For any imteger 1 = 2, we give such a game in which questions

from the verifier are Q(logn) bits long, and answers are poly(loglogn) bits long. We show that for Abstract

uny constant ¢ 2> ), any sfrulcg)' l]:al succeeds with probahilily at least 1 — £ 1n the test must use a state We Gescaibe an elicent rancomised olgorishan to test if o given dimary funciion f : {0, 1J% —

that is within distunce é( & )= bl £°) [rom a state that is locally equivalent to a maximally enlangled state {01} 15 & dJow dogrse palyncmmal (that 6, 0 2mm of low degres momomiols). Far a given wtege
n hits, for miv | ) nstant ¢ = 0. The construction is based the classical pl VS int bz 1 und a giver nal e > 0, che algoe thm gweriess £ ab G(; — kA" pans 17 S is u palynooial

on i quoi 3'. 0 .SOITICI IVETSal constan ‘: - V. canstruction 15 o Ol'l’ classical p a“c S-pol of dsgros at mest &, the algoathm always accepta, and if the value of J has to be moadifiec ca st
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